Mathematics 3C MAS/3D MAS Semester One Examination 2012
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Section 1

Question 1 [5, 2 = 7 marks]

Consider the functions f(x)=[2x—5| and g(x)=|x-4|.
Let A(x)= f(x)+3g(x).

a) Write h(x) as a piecewise function free of absolute values.
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b) Determine the range of A(x). /
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Question 2 [3, 3, 4, 4 = 14 marks]
a) Determine % for each of the following. Only minor simplification is required.

(i) y= P sin3(4x)

C% =347 8" (4o)+ 2. 38 (003 (4.4
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b) Determine the exact value of
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Question 3 [2,1,2,2,1,3,4= 15 marks]

4 2
Consider mafrix T =
-5 k

a) In each case, state the value of k which satisfies the given condition.

(i) T is singular. A;é(,‘{ (O - O Lo
b =-10 v
& (.

i

(i) T maps the vertices of a quadrilateral onto a line.

k=-10
4

(iii) T maps the triangle with vertices P (0, 0), Q (1, 0), R (0, —1) onto the triangle
with vertices P’ (0,0}, Q' (4, —5) and R’ (-2, -3).
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2 2
(v} T-21= { } where | is the 2 x 2 Identity Matrix.

' <5~r (5 2
Sh= 1

{vi) The point (3, 4) is transformed to the point (4, —7) after applying [O J ,

and then applying T.

YAV E VA
(“5 & Lo M(%?) -7 )

I 3
b) Ifk=23ndA={0 4},ﬁnd B, giventhat AB+ B =T.

(A+TDB =T
B = (M»I} Ay
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Question 4 [2,2, 3= { marks] tﬁ QE;}:{S . {F?% ? j .,
NCe only on E%ﬁf O

I 4
Determine each of the following indefinite integrals: jp *jj}

a) J%dx &%LQM{E?XE”Q«!%C

v v’

b) jﬁsin(n’—?»t) dt - @ Q@é (ngﬁ)% Q
L P

Cos X —5in x d LQTU‘"’BMﬁHQQSi

°) J (sin x + cosx )2
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Question 5§ I3).'-§- =] marks}]

A curve is defined parametrically by the equations  x = _1_; and y= (z‘ + 1)3.
e

Find each of the following in terms of ¢, fully simplifying your answers.
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Question 6 [7 marks]

The prolate cycloid represented in the diagram below is defined by the parametric equations

x=2t—nsint and y=2-rmcost for—-z<t<rx.

It crosses itsel
Find (in

at the point (0,2). At this point there are two tangent lines.
the equations of each of these lines.
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Question 7 [6 marks]

Determine, exactly, the equation of the tangent to the curve defined by e’ =In (x-3) at
the pointwhere x=e+3 .
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Question 8 [4, 2, 2 = 8 marks]
a)  Differentiate with respect to x: =y )

dn y=dn «° SN S0 .00 o
R W B
g %% 20SEVINL+ 3N §§13€) 4

b) Determine each of the following indefinite integrals:

0 J(xf+e*)dx
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Question 9 " 6, 5 =11 marks]

Evaluate each of the following definite integrals, using the suggested substitutions. You must
show all of your working.

using the substitution u = cosx_
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b) L
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using the substitution x =2 cos 8
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Question 10 [1,3,2,1,2,2 =11 marks]

The diagram below shows pentagon ABCDE, and the resulting pentagon A’B"C’D"E”, after
having undergone two matrix transformations, T, followed by T,.

[«)]

L 4
8

a) Pentagon ABCDE is reflected in the y-axis (T+). Draw the resulting image A'B'C'D'E'
on the diagram above.

b) The pentagon A'B'C'D'E' is then transformed by matrix T, to A"B"C"D"E", as shown
in the diagram above. Find and describe the transformation represented by matrix To.

S (‘F 0\  HorzOntol ALQHON v
o LOCIOR. 4 w

c) Show how T, and T, combine to map ABCDE directly to A"B"C"D"E" and give the
resulting matrix.

RO U) - > O Shaw
o1 (e ) 7 2 RARES
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d} Determine the ratic Area ABCDE : Area A"B"C"D"E".

e) What matrix woulid transform A"B"C"D"E" back to ABCDE?
“LF O%M{ ; ,m%% O ~
o) (o

v

e

0 k
f) Consider T3 = { :| . If T5 is applied to ABCDE, the area of the resulting

k0
pentagon will be double the area of ABCDE. Determine the value(s) of k.

0-R*[ =2
ko= V2
v

N



Mathematics 3C MAS/3D MAS Semester One Examination 2012

Section 2 Calculator - assumed
Question 11 [2, 2, 2,1, 1 =8 marks]

A mouse is placed in the maze shown on the right. I

During a fixed time interval, the mouse randomly chooses 1 2
one of the doors (openings) available to it, and moves into b — — --L— -

the next room. It does not remain in the room it cccupies.

If the mouse started in Room 1, the probabilities that the mouse
will be in each room after 1 transition are:

it
Room 1: 0 (since it must move to another room)
Room 2: 0.25 (since 1 out of the 4 doors available lead to Room 2)

Room 3: 0.75

a) The first column of the transition matrix is show below. Complete the remainder of
the transition matrix.
From room

1 2 3
Lo o5 015
To room 2 1025 O 0R5
3 1075 05 O

b) If the mouse starts in Room 3, what is the probability that it is in Room 1 after 4

transitioniw 5 i | (%é?; y U%‘\@@ UV\Q@
ARG T = Gis ¥ 006f. (adp)  WOCKOAL )

c) Using appropriate rounding, determine the “Stable State Matrix”.

[ 0% Ok 0%
0’ 02 0o |
\ o4 O O

d) As the number of transitions becomes large, what is the probability that the
mouse will be in Room 27

04

e) In the long run, what percentage of the time will the mouse spend in Rooms 1 or 2?

?:}S‘J @ f
= U b

10



Mathematics 3C MAS/3D MAS Semester One Examination 2012
Section 2 Calculator - assumed

Question 12 [2, 2, 4 = 8 marks]

A cylindrical platform of height 1.5 metres and base radius 1 metre sits on a stage with a
vertical axis. To experiment with lighting effects, a point source of light casting a shadow of

the cylinder on the stage, is moved upward: & that the angle 8 shown in the diagram
decreases at a rate of 0.1 radians per second.

_ 15
a) Shothatd == @L

b) Express r interms of e .

1aNG =~

3,

N

-%&m@, = j:_:mi,,.w v N
I'5

c) Find the rate at which the radius of the shadow is decreasing when 0 =
[ e

.Q\:_.Q el Qé,@’ Y, f 1
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Question 13 [3, 2, 4 =9 marks]
a) Consider the following information about matrices A, Band C:

s They are all 2 x 2 matrices
Matrix B is a non-singular matrix

e« A=BCB

Find a simplified expression for A% and A% Use your results to deduce A",

12 = pCB T W BCB™

= R B v
AZ = BOB™ x BCBT

= Re3 é%"”’é -

2 Dduee Hhatk

b) LetA2—6A+5I=0where0={8 8}

()  Showthatl= = A (6l - A).

M-GA4BT =0 . BL= GA—A% v
= AGT - A?

= AL - A

.TﬁwéA(@ImAj v/

| —

B
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(ii) Express A% in the form pA+ gl .

A A+ 5L = O

13
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Question 14 [1, 3,1, 3 =8 marks]

a) Let A=| 3 15 .3 and B= | | 1 |

b) Tickets to a concert cost $2 for children, $3 for teenagers and $5 for adults. 570
people attended the concert and the total ticket receipts were $1950. The ratio
of teenagers to children attending was 3 to 4.

{i) Write 3 equations to represent this information, using the variables ¢, fand a
to represent the number of children, teenagers and adults respectively.

< JC+3E +50 21950
s 4t @ =570,
o3 =4 (o 3c-4t=0 )

(ii) Represent your answer to b) (i) to write a matrix equation in the form PX = Q,
c
where X = | ¢
a

2 3 5\/C 1950
Col )t 570
31 0 /N a o

R

14
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T

iii) Use your answer from a) to determiﬁéﬂﬁow&many children, teenagers and

T~ WS’E’“ (‘JSQ ?M

adults attended the concert.

Q00 cldron.
50 Hen00ers
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Question 15 [3, 4, 4 = 11 marks])
—-20

A rocket ship leaves space station A, which is located at ( 40

) km, at 9 am. It travels with a
20

60
constant velocity of (120) km h™'. At some time it is supposed to reach the neighbouring

360

80
space station B, which is located at ( 160 ) km.
2020

a) Show that this rocket ship does not reach space station B.

L= <-R0,40 20>+ <60,180 360
10 reQeh. gg@m SHRHON

f;:}:; & %QJCQC))%QZ@ >
20460 =80 4040t =100

% - S % o { J’
- TF v z
= Z
b) Find the closest distance between the rocket ship and space station B and the time

when this occurs. Answer correct to the nearest minute.

OloR S AUstance. wiiry  pLla

/040 =80 0 N\ .
%+&Qt 160 (@ )Q .

e tx E;;;*E;g@gw C?\Qﬁwu Qe Q@W\D Q) Q’Qi&m 4

P, : e, [

Lok < | (0+eoe -0
n, GUCOH 2@% 20k - (€0 X 557km v
&Hé%@é Wé}@é@@ % sy l@gi&

16



Mathematics 3C MAS/3D MAS Semester Cne Examination 2012
Section 2 Calcutator - assumed

A second rocket ship is launched from space station B at 9 am with constant velocity and is
aimed to collide with the first rocket at exactly 1 pm.

c) Determine the velocity of the second rocket ship that will ensure collision takes place
at the required time.

g =<80,160,8000 > +t(Vy )
Of

(WALRY, Vg (S 40 Vel &f il 8200nd ﬁi”i;%;i%)

gf? {%Q / aéff)@

H

"V o = €85)90 ~HO> bl -
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Question 16 [1,1, 2, 2 =6 marks]

The table below shows the details of a population of kangaroos in a region of Wester

Australia in 2000. {: %fiw { g@f}

Age (years) 0-2 | 2-4|4-6| 6-8 |8-10 “}’”é:} E;(jg‘“’g
Initial population 1200 | 1400 | 1600 810 425

Breeding Rate 0 0.1 3.5 2.5 0.5

Survival Rate 0.4 0.5 0.7 0.2 0

a) Write down the Leslie matrix, L, for this population.

;0 o 35 25 OS5 (
/¢ 0 0 0o O 5[ OREOR
L“( O 05 O 0O O

c O 07 o O
O 0 o oa O

\

b} What was the expected fotal population in 20067

ExpLt 3 QEnORFIONS 11 0 Yed iy,
7 120

SRR

¢)  Find the percentage growth rate between the 3 and 4" generation.
N 1200 ™
(et (we \
oo (4930 )

50
43S

]

N élg\%/g v




Mathematics 3C MAS/3D MAS Semester One Examination 2012
Section 2 Calculator - assumed

Due to complaints from local property owners, a decision was made to control the population by
culling.

d)  To reduce the population growth, 10 % of kangaroos aged between 4 and 8 years are
culled at the beginning of every second year What WIIE the expected population be in 20167

e NOE {?ﬁ;@; %0 (H gﬁ
L=/ 0 ol 315 228 05\ Ugw%'
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Question 17 [2, 3, 2 =7 marks]

The lines [; and [, have equaticns

3 1 1 2
X = (lj + A (2) and 1, = [—lj +u (1) respectively, where A and p are
0 4 1 -1

parameters.

a) Find the acute angle between I, and the line joining the points P(1, ~1,1) and
Q(2, -1, —4), giving your answer correct to the nearest degree.

b) Determine the positicn vector of the pomt R that lies on the line joining P(1, —1,1) and
Q2 -1, —4) such that PR:RQ=1:

@:i

c)  Find an equation in the form r - n = p, of the plane that passes through Q(2, -1, —4) and
is perpendicular o [;.

plane 18 Lfo L,
SR D 1S NORMAL
[ < [)&Jé%>‘:

Mo

r"r\ra (’j;)j4_>r““




